Let k be a field containing F q . Let ψ be a rank r Drinfeld
Introduction
A classical theorem of Weber (see [9, Chapter 6 , Corollary 1]) states that, if E is an elliptic curve over K = Q(j) with transcendental j-invariant j, and K n = K(E[n]) denotes the field obtained by adjoining the coordinates of all n-torsion points of E to K, then Gal(K n /K) ∼ = GL 2 (Z/nZ).
The goal of this paper is to prove the analogous statement for Drinfeld modules. Our result was conjectured by S. S. Abhyankar in [1, §19] , who didn't know about Drinfeld modules at the time, and called it the "Generalized Iteration Conjecture". It was part of his quest to find nice equations for nice groups.
Our approach is based on the observation that a particular morphism of Drinfeld moduli schemes isétale with a suitable Galois group, a result due to V. G. Drinfel'd [5] .
We start by constructing some suitable rings in §2, and then in §3 we prove our first main result, Theorem 2, which gives an explicit construction of the Drinfeld moduli scheme of level tn. This is a generalization of the level t construction due to R. Pink [13] .
In §4 we prove our second main result, Theorem 5, which shows that this moduli scheme can be obtained from the torsion module of any "sufficiently generic" Drinfeld module, including the one defined by Abhyankar. Both of these results may be of independent interest.
In §5 we then state the third main result, Theorem 6, which settles Abyhankar's Generalized Iteration Conjecture. This is proved in § §6-9.
Most of this paper will be comprehensible to anybody familiar with the basics of Drinfeld modules over a field, see for example [6, Chapter 4] or [16, Chapter 12] . To state Theorem 2, we need Drinfeld modules over a scheme, for which we recommend the exposition in [11] .
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Rings generated by torsion points
Let F q denote a finite field of q elements, and let V ∼ = F r q denote an F q -vector space of dimension r ≥ 1. We denote by V ′ = V {0} the set of non-zero vectors in V . Denote by A = F q [t] the polynomial ring over F q , let n ∈ A be a monic polynomial and set B := F q [t,
We denote by S V = B[v | v ∈ V ′ ] the symmetric algebra of V over B, which is isomorphic to a polynomial ring over B in r independent variables; by K V the quotient field of S V ; by
′ ] the B-subalgebra of K V generated by 1 v for every v ∈ V ′ ; and finally by
′ ] the B-subalgebra of K V generated by S V and R V . The rings S V , R V and RS V are Z-graded B-algebras with respect to the grading deg(v) = −1 and deg(
The homogeneous component of RS V of degree zero is denoted RS V,0 . We have
These definitions essentially come from [14] . We define a rank r Drinfeld A-module ϕ over K V by setting
The coefficients g 1 , . . . , g r are algebraically independent over B, the highest coefficent g r = t v∈V ′ 1 v is a unit in RS V , and by construction the t-torsion submodule of ϕ is ϕ[t] = V ⊂ K V . Next, we want to define similar rings for the tn-torsion module of ϕ. We construct the ring RS W via generators and relations, as follows. Choose a basis v 1 , v 2 , . . . , v r of V .
Inside the polynomial ring RS V [w 1 , w 2 , . . . , w r , z], in r + 1 independent variables, we consider the ideal I W generated by the following elements:
Then we define
By abuse of notation, we have written ϕ a (w i ) with a ∈ A/tnA when we actually mean that a ∈ A represents a certain class in A/tnA.
it does not matter which representative we take.
Proposition 1.
Consider the following subset of RS W :
(i) Then a · w := ϕ a (w), for a ∈ A, and w ∈ W , turns W into an A/tnA-module, which is free of rank r. (ii) We have V ⊂ W and every element of
The following identity holds in RS W [X]:
Proof. Let J W be the ideal in the polynomial ring RS V [w 1 , w 2 , . . . , w r ] generated by the elements ϕ n (w i ) − v i , for i = 1, 2, . . . , r, and set
V , it follows that the nilradical of S W is trivial. Every prime ideal of S W is the kernel of a ring homomorphism θ : S W −→ F , where F is an algebraically closed field. To such a θ we associate the Drinfeld module ϕ θ over F by
Its characteristic, ker(θ| A ), is prime to tn, so ϕ θ [tn] ∼ = (A/tnA) r as A-modules, and furthermore θ maps W isomorphically onto ϕ θ [tn] . This completes the proof of (i). Now let ∆ := w∈W ′ w ∈ S W . We next show that ∆ is not a zero-divisor of S W . Suppose c ∈ S W with c∆ = 0. Then
and so θ(c) = 0 for each homomorphism θ as above. It follows that c lies in the intersection of all prime ideals of S W , which is the nilradical of S W , so c = 0.
It follows that
The homomorphisms θ : S W −→ F above extend to homorphisms θ : RS W −→ F , and again the nilradical of RS W is trivial. For each such θ we have
since both polynomials have the same roots and linear term. It follows that each coefficient of
lies in ∩ θ ker(θ) = {0}, which completes the proof of (iii).
We note that RS W is generated over RS V by the elements of the form w and 1 w , for w ∈ W ′ . At this point it is far from clear that RS W is integral, but this will be shown later (Theorem 3).
Next, we define a ring generated only by the quotients of torsion points.
, in r + 1 independent variables, we define the ideal I W,0 generated by the following elements:
Then we define 
Moreover, we see that RS W,0 is the degree zero component of RS W with respect to the Z-grading defined by deg(w) = −1 for all w ∈ W ′ . Lastly, it follows from Proposition 1.(iii) that
Explicit Drinfeld moduli schemes
Let S be a scheme over Spec B. Then recall (see e.g. [11] ) that a Drinfeld A-module of rank r over S is a pair (L, ψ), where L is the additive group scheme of a line bundle over S, and
is a ring homomorphism that is defined over a trivializing open Spec(R) ⊂ S by
where for each i = 1, 2, . . . , n we have e i ∈ R, e r ∈ R * and e i is nilpotent for all i > r. We usually drop the L from our notation and refer to the Drinfeld module as ψ. When e i = 0 for all i > r, we say that the Drinfeld module ψ is standard.
The tn-torsion submodule ψ[tn] of ψ is the closed subscheme of L defined locally over Spec R by Spec R[X]/ ψ tn (X) . When R = F is a field, we identify ψ[tn] with {x ∈F | ψ tn (x) = 0}.
A level-tn structure on ψ is a homomorphism of A-modules
which induces an equality of divisors
For Drinfeld modules over Spec R, where R is a B-algebra, this is equivalent to the following more convenient formulation. Fix A-module isomorphisms
such that the following diagram commutes:
Then a level-tn structure on a Drinfeld module ψ over Spec R is equivalent to an A-module
Here we have made essential use of the fact that the characteristic ker(A → R) of ψ is prime to tn, since R is a B-algebra and tn ∈ B * . In particular, by Proposition 1, ϕ ′ carries the level-tn structure
Our first main result is the fact that Spec(RS W,0 ) is the fine moduli scheme for rank r Drinfeld A-modules with level-tn structure. Denote by E = G a,RSW,0 the additive group scheme over Spec(RS W,0 ). Then the triple (E, ϕ ′ , λ) forms a rank r Drinfeld A-module with level tn-structure over Spec(RS W,0 ). Proof. Step 1. Let S be a scheme over Spec(B) and (L, ψ, µ) S a triple as above. We must associate to the isomorphism class of (L, ψ, µ) S an S-valued point η on Spec(RS W,0 ) such that the pullback of the universal family (E, ϕ ′ , λ) to η is isomorphic to (L, ψ, µ) S . First notice that the line bundle L/S must be trivial, since for any v ∈ V ′ , µ(v) ∈ L(S) is a nowhere zero section, as t is prime to the characteristic of ψ. Now cover S with open affines Spec(R); it suffices to prove that the isomorphism class of each pullback (L, ψ, µ) Spec(R) corresponds to a Spec(R)-valued point on Spec(RS W,0 ). Thus we assume that S = Spec(R) is affine, where R is a B-algebra, and that L = G a,R is the additive group scheme over Spec(R).
Next, we may replace ψ by an isomorphic Drinfeld module which is standard, i.e. for which
where a 1 , . . . , a r−1 ∈ R and a r ∈ R * , see [11, §2.2.3, p21]. The level structure µ is a morphism µ :
.
Recall that we have fixed v 1 ∈ V ′ . Consider the Drinfeld module ψ ′ := µ(v 1 ) −1 ψµ(v 1 ); it is isomorphic to ψ over R, and
We now consider the B-algebra homomorphism
This exists because M r t,B ∼ = Spec RS V,0 , by [13, §7] , but one can also see this directly: all relations satisfied by the v/v ′ in RS V,0 are also satisfied by the µ(v)/µ(v ′ ) in R. We extend θ to the B-algebra homomorphism
It is clear that I W,0 ⊂ ker θ, so θ extends to a B-algebra homomorphism θ :
Step 2. Conversely, suppose we are given an S-valued point η on Spec(RS W,0 ). We may again assume that S = Spec(R) is affine, and so we are given a B-algebra homomorphism θ : RS W,0 → R.
Define
Then µ(w) µ(w ′ ) = θ w w ′ and it is easy to check that µ(W ′ ) ⊂ R * , and µ is F q -linear and injective. Now
defines a rank r Drinfeld A-module ψ over R with level-t structure µ| V . Its coefficients are the images under θ of the coefficients of ϕ ′ . It remains to show that µ : W → R defines a level-tn structure. ψ tn (X) is contructed from ψ t (X) in the usual way, hence it is the image under θ of ϕ ′ tn (X), thus
Since µ : W → µ(W ) is already an isomorphism of F q -vector spaces, it suffices to show that µ respects the A-module structure. For this, we compute, for w ∈ W ,
We thus obtain a triple (G a,R , ψ, µ), as desired. This construction is the inverse of the construction in step 1. This completes the proof.
Next, we collect here the following fundamental results on Drinfeld moduli schemes. Proof. The first three statements are essentially due to Drinfel'd [5] , who proved this more generally over Spec A but for level structures divisible by two distinct primes. In our situation, the level tn = 1 is invertible in B. Thus, as in the proof of Theorem 2, if (L, ψ, µ) S is a Drinfeld module with level-tn structure over a B-scheme S then any v ∈ V ′ gives a nowhere vanishing section µ(v) ∈ L(S), which trivializes L/S. For S over Spec A such a trivialization is only achieved if the level structure is divisible by two distinct primes, see [11, Prop. 2.5.1 and Theorem 3.4.1] for details. Thus in our case, Drinfeld's proofs give (i), (ii) and (iii) above. See also [19] , as well as [7] for a very clear exposition of the situation over the quotient field of A.
Alternatively, the interested reader is challenged to deduce (ii) and (iii) directly from Theorem 2. Smoothness in (i) is probably harder to verify directly, but we will not need it in this paper.
Statement (iv) is essentially due to Anderson [3] , see also [19] for details. To prove (v), let Thus also S W,0 ⊗ B F is integral. But then also S W,0 is integral, for, if any ϕ
then it would also factorize in
It follows that the localization RS W,0 is also integral, so M r tn,B is integral. Lastly, RS W = RS W,0 [v 1 ], and v 1 is transcendental over RS W,0 , so RS W is also integral.
Sufficiently generic Drinfeld modules
Now let ψ be a rank r Drinfeld A-module over an integral B-algebra R defined by
where a 1 , . . . , a r−1 ∈ R and a r ∈ R * . We define the invariants
where
. (Actually, we could choose d i to be any common divisor of q i − 1 and q r − 1.) These are isomorphism invariants, although for r ≥ 3 they do not determine the isomorphism class of ψ completely, see [15] .
Definition 4.
A Drinfeld module ψ of rank r ≥ 1 is sufficiently generic if r = 1, or if r ≥ 2 and the invariants J 1 , . . . , J r−1 are algebraically independent over F q (t).
This condition is equivalent to the ring of isomorphism invariants (see [15] ) of ψ having transcendence degree r over F q .
Consider the subfield K := F q (t, a 1 , . . . , a r ) of the quotient field of R, and denote by K tn the splitting field of ψ tn (X) over K. We denote by
the B-subalgebra of K tn generated by the quotients 
as a subalgebra of K tn . But the last expression is isomorphic to B w w ′ | w, w ′ ∈ ϕ[tn] {0} ∼ = RS W,0 . Now suppose that r ≥ 2. Choose a level-tn structure µ :
and similarly to part 1 of the proof of Theorem 2, we construct a B-algebra homomorphism
We must show that ker θ ∩ RS W,0 = {0}, so suppose that 0 = f ∈ ker θ ∩ RS W,0 . By Theorem 3.(iii), σ∈Gr(n) σ(f ) ∈ RS V,0 . Multiplying this by a suitable unit u ∈ RS * V , we obtain a homogeneous elementf = u 
Thus we obtainf :=
which is homogeneous of some degree d with respect to the grading deg(g i ) = q i −1 for i = 1, . . . , r. Notice thatf = 0 since RS W is integral, by Theorem 3.(v) .
Since a i = θ(g i ) for i = 1, . . . , r, we see that f (a 1 , . . . , a r ) = 0. Now, let δ ∈ K sep be such that δ q r −1 = a r , and set
Then 0 = δ df (u 1 , u 2 , . . . , u r−1 , 1). It follows that F q (t, u 1 , . . . , u r−1 ) has transcendence degree at most r − 2 over F q (t). Since F q (t, J 1 , . . . , J r−1 ) ⊂ F q (t, u 1 , . . . , u r−1 ), this contradicts the algebraic independence of J 1 , . . . , J r−1 over F q (t).
Abyhankar's Generalized Iteration Conjecture
We now come to the heart of this article. Let k be a field containing F q such that t is transcendental over k, and set F := k(t) and K := F (a 1 , a 2 , . . . , a r−1 ), where a 1 , a 2 , . . . , a r−1 are algebraically independent over F . Consider the rank r Drinfeld module ψ over K defined by
Notice that here the highest coefficient is a r = 1. Let n ∈ A be any monic polynomial and denote by K n the splitting field of ψ n (X) over K. Our third main result is the following, which was conjectured by S. S. Abhyankar in [1, §19]:
Equivalently, the Galois representation attached to the n-torsion of ψ over K is surjective, for all non-zero n ∈ A.
Since [K n : K] does not depend on k, we obtain Corollary 7. K n /K is a purely geometric extension.
A number of special cases of Theorem 6 are known, see for example [2, 17] and further references in [1, §19] . A related result is in [8] . In particular, the case r = 1 follows from the work of Carlitz [4] , while the case where n = t dates back to E. H. Moore [12] :
Proof. See [2, §3] for a particularly simple proof.
It is clear that Gal(K n /K) is isomorphic to a subgroup of GL r (A/nA), and this subgroup cannot be enlarged by enlarging k, so we may assume that F q r ⊂ k.
Denote by K tn the splitting field of ψ tn (X) over K. It will be sufficient to prove the following result.
Proposition 9. Let n ∈ A be monic. Then
Proof of Theorem 6.
Consider the field extensions in the diagram. We have Gal(K t /K) ∼ = GL r (A/tA) by Theorem 8, thus [K tn : K] = #G r (n) · # GL r (A/tA) = # GL r (A/tnA) and it follows that Gal(K tn /K) ∼ = GL r (A/tnA).
Now from the action of Gal(K tn /K) on ψ[n] we see that Gal(K tn /K n ) ∼ = ker GL r (A/tnA) → GL r (A/nA) and thus Gal(K n /K) ∼ = GL r (A/nA).
It remains to prove Proposition 9. This will be the goal of the rest of this paper.
Moore and Carlitz
We associate to ψ its determinant Drinfeld module ρ, which is the rank 1 Drinfeld module defined over F by
When r is even, then ρ is the original Carlitz module (as studied by Carlitz in the 1930s, [4] ), whereas, when r is odd then ρ is the "modern" Carlitz module, as defined in modern texts such as [6, Chapter 3] and [16, Chapter 12] . We denote by F t and F tn the splitting fields of ρ t (X) and ρ tn (X) over F , respectively.
Proof. When k = F q and F = F q (t) this is well known, see [4] or [16, Theorem 12.8] . By [16, Corollary to Theorem 12.14], the extension F tn /F is purely geometric, so the proposition remains true for k replaced by any algebraic extension of F q . Lastly, since t, a 1 , . . . , a r−1 are algebraically independent over k, the result holds in general.
The determinant Drinfeld module ρ plays the same role for ψ that the multiplicative group G m plays for elliptic curves, and the analogue of the Weil Pairing, developed in [3, 18] in general, has a particularly simple description in the case of t-torsion using the Moore determinant. Recall (see [6, §1.3] ) that the Moore determinant of a tuple (x 1 , x 2 , . . . , x r ) of elements in a field containing F q is defined by 
since both sides equal the unique monic polynomial with set of roots
. Thus the Moore determinant defines a map (the analogue of the Weil pairing for t-torsion):
The following result is easily verified directly.
Proposition 11. The map M above is F q -linear, alternating, non-degenerate and surjective. It follows that F t ⊂ K t .
Via the choice of basis v 1 , v 2 , . . . , v r for ψ[t] we identify Gal(K t /K) with GL r (F q ), see Theorem 8. Since K/F is purely transcendental, we also have
A direct computation shows the following.
In particular, KF t is the fixed field of SL r (F q ) in K t .
We summarise our progress thus far in the following diagram of field extensions and Galois groups.
Function fields of Drinfeld modular varieties
We define the following fields:
Notice that K t,0 = F , so K t,0 /F is a purely transcendental extension of transcendence degree r − 1.
Proposition 13. We have
2. The subfield of K tn,0 fixed by
Proof. We first consider the special case where k = F q and F = F q (t).
The base extension M To prove (2), the fixed field contains K t,0 F tn,0 , by Theorem 3.(iv), while Gal(K t,0 F tn,0 /K t,0 ) ∼ = Gal(F tn,0 /F ), since K t,0 is purely transcendental over F t,0 = F . Now Gal(F tn,0 /F ) ∼ = G 1 (n) (by Theorem 3.(iii)), which is isomorphic to the quotient G r (n)/S r (n). The result follows in this case.
To extend our result to the case for general k, recall that t, a 1 , . . . , a r−1 are algebraically independent over k, so it suffices to show that the relevant field extensions are purely geometric, i.e. that F q is algebraically closed in the function field of M r tn,Fq(t) over F q (t). We achieve this by constructing a field L, in which F q is algebraically closed, and a rank r Drinfeld
As before,
On the other hand, ρ ′ is also a rank r Drinfeld F q [t]-module (with complex multiplication by A ′ ), so it, together with a level-tn structure over L, defines an F q (t)-algebra homomorphism RS W,0 ⊗ B F q (t) → L. It follows that F q is algebraically closed in the function field of M r tn,Fq(t) over F q (t). Next, notice that the leading coefficient of
Thus v
and since K t = K t,0 (v 1 ) and we have assumed that F q r ⊂ k ⊂ K t,0 , we obtain Proposition 14. The extension K t /K t,0 is Galois with C := Gal(K t /K t,0 ) cyclic of order dividing q r − 1.
Remark 15. With a little more effort one can show that in fact C has order equal to q r − 1, but we will not need this here.
We summarise our progress in the following diagram.
Since the order of C is prime to p, we see that 
with two exceptions. These are:
• If r = 2 and q = 2, then SL 2 (F 2 ) der ∼ = A 3 , which has index 2 in SL 2 (F 2 ) ∼ = S 3 , and
• If r = 2 and q = 3, then SL 2 (F 3 ) der ∼ = Q, the 8-element quaternion group, which has index 3 in SL 2 (F 3 ).
The result follows.
Proposition 18. Every proper Abelian quotient of S r (n) is a p-group.
Proof. Let the prime factorisation of n in A be given by n = P P aP .
Then
S r (n) = ker SL r (A/tnA) −→ SL r (A/tA) ∼ = ker SL r (A/t at+1 A) −→ SL r (A/tA) × P |n,P =t SL r (A/P aP A).
For every prime polynomial P ∈ A, the group ker SL r (A/P a A) −→ SL r (A/P A) is a p-group (of order q deg(P )(a−1)(r 2 −1) ). Let C be an Abelian quotient of S r (n). Then C is a product of a p-group and Abelian quotients of SL r (A/P aP A), which reduce modulo P to Abelian quotients of SL r (A/P A). By Lemma 17 these are also p-groups. Therefore C must be a p-group.
Completing the proof
We now have all the ingredients we need. Our next step is Proposition 19. K t ∩ KF tn = KF t . In particular,
and Gal(K t F tn /KF tn ) ∼ = SL r (F q ).
Proof. K t F tn ✉ ✉ ✉ ✉ ✉ ✉ ✉ ✉ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ Since we now know that
we see that Gal(K t F tn,0 /K t,0 F tn,0 ) is Abelian of order prime to p. Proceeding as in the proof of Proposition 19, we see that Gal(K tn,0 ∩ K t F tn,0 /K t,0 F tn,0 ) is an Abelian quotient of S r (n) of order prime to p, and hence, by Proposition 18, trivial. It follows that Gal(K tn,0 K t F tn,0 /K t F tn,0 ) ∼ = Gal(K tn,0 /K t,0 F tn,0 ) ∼ = S r (n), and so Gal(K tn,0 K t F tn,0 /K t ) ∼ = G r (n), which completes the proof of Proposition 9, since K tn,0 K t F tn,0 = K tn . Remark 20. Given our explicit description for the various fields concerned, it is tempting to search for a direct proof that [K tn : K tn,0 ] = [K t : K t,0 ], which would allow us to cut short much of the above argument and simplify the proof of Proposition 9. Alas, the author was not successful with this.
